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We explore intrinsic thermal noise in soliton microcombs, revealing thermodynamic correlations
induced by nonlinearity and group-velocity dispersion. A suitable dispersion design gives rise to
control over thermal-noise transduction from the environment to a soliton microcomb. We present
simulations with the Lugiato-Lefever equation (LLE), including temperature as a stochastic variable.
By systematically tuning the dispersion, we suppress repetition-rate frequency fluctuations by up to
50 decibels for different LLE soliton solutions. In an experiment, we observe a measurement-system-
limited 15-decibel reduction in the repetition-rate phase noise for various settings of the pump-laser
frequency, and our measurements agree with a thermal-noise model. Finally, we compare two octave-
spanning soliton microcombs with similar optical spectra and offset frequencies, but with designed
differences in dispersion. Remarkably, their thermal-noise-limited carrier-envelope-offset frequency
linewidths are 1 MHz and 100 Hz, which demonstrates an unprecedented potential to mitigate
thermal noise. Our results guide future soliton-microcomb design for low-noise applications, and,
more generally, they illuminate emergent properties of nonlinear, multi-mode optical systems subject
to intrinsic fluctuations.
Optical-frequency combs are powerful and versatile
tools for making precision measurements across the
electromagnetic spectrum [1]. To reach applications
outside the laboratory, integrated-photonics frequency-
combs based on continuous-wave (CW) laser-pumped mi-
croresonator solitons are rapidly being advanced [2]. Mi-
croresonators simultaneously achieve high quality fac-
tor (Q) and small mode volume (V ) to intensify the
intraresonator field, enhance nonlinearity, and promote
interactions between all the comb modes. On the one
hand, a large Q/V ratio enables experiments to access ex-
otic nonlinear regimes [3, 4] and realize octave-spanning
combs for applications, including clocks [5, 6] and optical-
frequency synthesizers [7]. On the other hand, small
V increases the sensitivity to environmental and pump-
laser fluctuations, which in turn degrades the comb co-
herence and application performance [8, 9]. Recently, a
high-signal-to-noise measurement of the carrier-envelope-
offset frequency (fceo) revealed the thermal noise limit
for soliton microcombs [8]. Indeed, frequency fluctua-
tions in the soliton-microcomb repetition rate, frep, were
observed to behave according to the fundamental ther-
modynamic relation [10]
〈
δf2rep
〉
= |ηT |2 kBT
2
ρCV
, (1)
where
〈
δf2rep
〉
is the variance of frep frequency fluctua-
tions, ηT =
dfrep
dT , kB is Boltzmann’s constant, T is the
microresonator modal temperature, ρ is the material den-
sity, and C is the specific heat. Hence, understanding ηT
is crucial for interpreting thermal noise and how soliton
microcombs interact with their environment.
Here, we present a comprehensive set of predictions
and measurements on controlling thermal noise in soliton
microcombs, and we reveal unique behaviors of thermal-
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FIG. 1. (a) The soliton velocity, vg, depends on both its
wavelength, λcs, due to group-velocity dispersion (GVD), and
the modal temperature, T , due to the thermo-optic effect.
Hence, the pulse-to-pulse timing, trep = 1/frep, is sensitive
to T . (b) GVD curves with T -dependence. Dashed lines are
lines of constant ng. (c) Trajectory of frep for a change in
T , ∆T . The GVD curve shifts due to the thermo-optic effect
(vertical arrow), and the correlated change in λCS moves frep
along its GVD curve (arrow parallel to curve). The change in
frep, ∆frep, is the total vertical displacement.
noise correlations mapped to nonlinear light propaga-
tion. Since the soliton comb modes are phase-locked,
they collectively respond to extrinsic properties dictated
by the resonator, such as group-velocity dispersion (GVD
ar
X
iv
:2
00
6.
10
90
7v
1 
 [p
hy
sic
s.o
pti
cs
]  
19
 Ju
n 2
02
0
2or dispersion) and temperature. Hence, transduction of
thermal fluctuations to frep fluctuations through ηT is
coupled to how the soliton is influenced by dispersion,
which is readily controlled in integrated-photonics res-
onators. We present an experimental validation of our
predictions, which is universally applicable to soliton mi-
crocombs. With a single resonator device, we observe
that the thermal-noise-limited frep phase noise varies sig-
nificantly with the pump-laser frequency, νp. Finally, we
investigate the impact of these physics on fceo; our simu-
lations indicate that spectrally similar, octave-spanning
soliton microcombs may feature significant differences in
their thermal-noise-limited linewidth.
Temperature induces strong correlations in soliton mi-
crocombs (Fig. 1), particularly the transduction of ther-
mal noise to frep that is quantified by ηT . Figure 1a
shows how the thermo-optic effect connects frep to the
microresonator temperature, T , according to
frep(λCS, T ) =
vg(λCS, T )
LRT
=
c
ng(λCS, T )LRT
, (2)
where λCS is the wavelength of the soliton carrier wave,
vg is the soliton group velocity, LRT is the microresonator
circumference, c is the speed of light in vacuum, and ng
is the group refractive index that depends on both λCS
due to group-velocity dispersion (GVD) and T due to
the thermo-optic effect (Fig. 1b). (In our analysis, we do
not consider thermomechanical effects that couple LRT
to T . While this approximation is justified [11], ther-
momechanical effects can be included in our model in a
straightforward way and would not impact our conclu-
sions). Importantly, we discover that optical nonlinear-
ity and GVD couple λCS to T , as depicted in Fig. 1a,
and we note that such effects are unique to nonlinear,
multi-mode optical systems. Hence, temperature com-
bines with λCS to determine the value of ηT . Figure 1c
offers a graphical interpretation of ηT and depicts two
GVD curves at temperatures T and T + ∆T . A tem-
perature fluctuation, ∆T , vertically displaces the GVD
curve according to the material thermo-optic coefficient.
Simultaneously, the correlated change in λCS causes frep
to move along its new GVD curve. Hence, ηT is calcu-
lated from the total vertical displacement, ∆frep, divided
by ∆T , for small ∆T . In the next section, we apply sim-
ulation techniques to make these concepts more precise.
We model the temperature-dependent intraresonator
field, ψ, using the Lugiato-Lefever equation (LLE) [12,
13], including self-steepening (SS) and an approximation
[14] for stimulated Raman scattering (SRS),
∂ψ
∂t
= F−(1+iα)ψ−iDψ˜+(i+(θk−iθR) ∂
∂θ
)|ψ|2ψ, (3)
where F 2 is the normalized pump-laser power, α(T ) =
2
Γ × (ν0(T )− νp) is the temperature-dependent detuning
between the pump-laser frequency, νp, and the microres-
onator mode frequency, ν0(T ), that is normalized to the
modal linewidth, Γ; D(µ, T ) = 2Γ×(νµ(T )−ν0(T )− µD12pi )
is the temperature-dependent microresonator dispersion,
where µ is the mode number with respect to ν0 and
D1
2pi
is the microresonator free-spectral range (FSR); ψ˜ repre-
sents that operations to the intraresonator field are per-
formed in the frequency domain; θk and θR are coeffi-
cients related to SS and SRS, respectively [14–16]; and
θ = τD1 is a fast-time variable corresponding to the in-
traresonator angle in a moving reference frame. All of the
soliton microcombs in our study have a 3-dB spectral
bandwidth that is < 10 THz, so that only the instan-
taneous Raman response is included in the model [14].
Furthermore, we distinguish the temperature-dependent
dispersion, D, from the integrated dispersion, Dint =
2pi × (νµ − ν0 − µD12pi ) =
∑
j≥2Djµ
j/j!, and calculate
νµ(T ) to first order as
νµ(T ) = νµ(T0) + (T − T0)dνµ
dT
= νµ(T0)− (T − T0)× ην
ν2µ(T0)LRT
(µ+m)c
,
(4)
where ην =
dnp
dT is the material thermo-optic coefficient
for the refractive index, np; m is the mode number cor-
responding to ν0; and νµ(T0) are defined by Dint and
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FIG. 2. LLE simulations of ηT and soliton-microcomb ther-
mal noise for various GVD settings. Parameters for the simu-
lations are: D2/2pi = 60 MHz/mode, F
2 = 10, and α = 7.65,
(a) Simulated frep versus T . As D3 is increased from zero, ηT
decreases and eventually becomes negative. (b) Optical spec-
tra for various D3. (c) Variance of frep frequency fluctuations,〈
δf2rep
〉
, calculated in two ways: From the slopes in (a) (gray
data points) and by integrating Srep (blue data points). (d)
Simulated Srep spectra for various D3. Faded lines are LLE
simulation results, and bold lines are fits to the data.
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FIG. 3. Experimental evidence for thermal-noise mitigation by a balance of thermal shifts in GVD and Ω. (a) Optical
spectrum used in the experiments. (b) Repetition frequency (frep) detection by electro-optic modulation. (c) RF spectrum
of the thermal-noise-limited frep signal. (d) frep versus νp. These data are used to estimate ηT and predict Srep. (e) Srep
phase-noise measurements of the 1-THz repetition rate for various settings of νp. Dashed lines correspond to predictions from
our thermal noise model using ηT estimates from (d).
ν0(T0). We calculate frep directly from our LLE simu-
lations by monitoring the soliton position in the moving
reference frame; however, an insightful approximation for
frep is given by
2pifrep =
2pi (ν1 − ν−1)
2
+ Ω
D2
D1
, (5)
where Ω = 2pi×(νCS−νp) is the detuning-dependent shift
of the soliton carrier-wave frequency, νCS = c/λCS, that
corresponds to asymmetry in the comb spectrum around
νp. In general, asymmetries arise from GVD, SRS, and
spectral recoil from dispersive waves or mode crossings
[17]. Hence, temperature shifts induce a response in the
comb spectrum, Ω(T ) or λCS(T ), that is tunable through
the microresonator GVD. To mitigate thermal noise, the
GVD should be designed to optimize Ω(T ) so that the
two terms in Eq. 5 have opposite temperature depen-
dence.
In Figure 2 we explore the fundamental connection be-
tween GVD and thermal noise. We simulate soliton mi-
crocombs for fixed νp, F
2, and D2, while varying D3.
We choose to vary D3 because it is the lowest-order term
in the Dint expansion that gives rise to spectral asym-
metry. First, we sweep the temperature, T , from 293.05
K to 292.95 K and monitor frep, as shown in Fig. 2a.
With D3 = 0, the frep tuning is dominated by SRS,
which is known to exhibit
dfrep
dα < 0 [18]; here this man-
ifests as large ηT > 0. As D3 is increased from zero, ηT
decreases and eventually becomes negative. From these
data and for specific values of T we can calculate ηT and
compare the value |ηT |2 kBT 2ρCV to the simulated noise vari-
ance,
〈
δf2rep
〉
; see Fig. 2c. Discrepancies between these
two calculations indicate the importance of higher-order
corrections to ηT (i.e. it quantifies contributions to ηT
stemming from the curvature of the data in Fig. 2a). To
calculate
〈
δf2rep
〉
and gain a more comprehensive picture
of thermal noise, we simulate the noise power spectral
density of frep frequency fluctuations, Srep, by including
temperature within our model as a stochastic variable,
subject to fluctuation dissipation
T˙ = −ΓT∆T + ζT , (6)
where ΓT is the thermal dissipation rate and ζT is
a fluctuation source defined by its autocorrelation,
〈ζT (t)ζT (t+ τ)〉 = 2ΓT kBT 2ρCV δ(τ), where δ(τ) is the Dirac
δ function [19]. Remarkably, for the same magnitude of
thermal noise present in the microresonator, we observe
a > 50 dB suppression of frep frequency fluctuations, as
shown in Fig. 2d. Such unprecedented flexibility in the
thermal noise limit is a direct result of the nonlinear,
multi-mode nature of soliton microcombs.
We perform experiments to test our modeling and pre-
dictions, using a single soliton circulating a Si3N4 (SiN)
microresonator at a rate frep ≈ 1 THz; the optical spec-
trum is pictured in Fig. 3a. We measure frep by electro-
optic modulation [6], as shown in Fig. 3b. We confirm
a thermal-noise-limited frep signal by ruling out fluctua-
4tions of both the pump-laser frequency and intensity [8]
and by comparing our measurements to a thermal noise
model [20]. In our experiments, we cannot accurately
control the modal temperature; therefore, we record frep
versus νp (Fig. 3d) and understand ηT through the de-
composition
ηT =
dfrep
dT
=
dν0
dT
(
∂frep
∂ν0
+
2
Γ
∂frep
∂α
)
, (7)
and approximate that for our measurements, Γ2
dα
dνp
≈ −1,
which is valid for large α [21]. Moreover, for SiN mi-
croresonators, dν0dT ≈ −2.5 GHz/K [8, 22] and ∂frep∂ν0 ≈
1/m [23]. Hence, we estimate ηT from our measurements
as −2.5GHzK (5.2MHzGHz − dfrepdνp ). Importantly, Eq. 7 pre-
dicts that for a thermal-noise-limited frep signal, oper-
ating near
dfrep
dνp
= 0 does not yield the lowest noise as
for previous observations of so-called ”quiet points” [17].
Rather, the thermal noise will be mitigated significantly
when
dfrep
dα ≈ −dfrepdν0 , which physically corresponds to a
balance between thermal changes in the FSR with ther-
mal changes in Ω (i.e. a balance in the two terms of
Eq. 5). Guided by Eq. 7, we estimate ηT values for the
purple, green, and gold data points as 0.8, −13, and −30
MHz/K, respectively. Our phase-noise measurements are
consistent with these values and show ≈ 15 dB of noise
suppression for the different settings of νp, but the lowest-
noise data is limited by our measurement floor, which is
set by the synthesizer used to drive the electro-optic mod-
ulators for frep detection. The two phase-noise traces
above the measurement floor agree with our thermal-
noise model, shown by the dashed lines in Fig. 3e. Based
on our estimations of ηT , we expect that frep frequency
fluctuations are suppressed by almost 30 dB when op-
erating at ∆νp = 900 MHz (purple data) compared to
∆νp = 180 MHz (gold data). Our measurements confirm
that thermal noise in soliton microcombs is not a rigid
limit set by material properties, but instead arises from
complex interactions between many microcomb modes as
determined by optical nonlinearity (especially SRS) and
GVD.
Finally, we model the impact of thermal noise on
octave-spanning soliton microcombs and emphasize its
role in fceo detection. First, we assess that D3 plays
the primary role in coupling Dint to ηT ; therefore, we
model two spectrally similar, octave-spanning solitons
with D3/2pi values of 0 and 1.5×106 MHz/mode2, respec-
tively. Dint curves and optical spectra for each comb are
shown in Figs. 4a and 4b, respectively. To approximately
match the DW locations, we manipulate higher-order dis-
persion terms in the LLE. Importantly, for spectrally-
broad solitons featuring strong DWs, DW recoil and soli-
ton self-interactions can significantly impact ηT [24]. In
our simulations, we have tried to avoid this regime by
operating at low F 2, but note that understanding these
effects will be important for future experiments. In Fig.
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FIG. 4. Simulations of thermal noise in octave-spanning soli-
ton microcombs. (a) D
int
for the two solitons analyzed in this
study. Parameters for the dark blue traces (units omitted):
D
2
/2pi = 20 × 10
6
, D
3
/2pi = 1.5 × 10
6
, D
4
/2pi = −52 × 10
3
,
D
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3
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2
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6
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D
4
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, D
5
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6
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F
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= 12, α = 9.25. (b) Optical spectra corresponding to the
dispersion profiles in (a). (c) f
rep
versus T . (d) S
rep
spectra.
(e) S
ceo
spectra calculated from m
2
× S
rep
. The dashed line
is the so-called beta line for understanding which Fourier fre-
quencies contribute to the signal linewidth. (f) Simulated f
ceo
beatnote that indicates both coherence and signal-to-noise ra-
tio are improved by mitigating thermal noise. The top (bot-
tom) axis refers to the blue (cyan) trace.
4, we present simulation results comparing the two soli-
ton microcombs. Despite having similar optical spectra,
η
T
≈ 130 MHz/K for the D
3
= 0 comb (hereafter re-
ferred to as the noisy comb), indicating that SRS pri-
marily controls the f
rep
tuning, while η
T
≈ 0 for the
D
3
/2pi = 1.5×10
6
comb (hereafter referred to as the quiet
comb), as shown in Fig. 4c. These dynamics are in agree-
ment with the simpler combs analyzed in Fig. 2. Un-
surprisingly, we observe a > 50 dB difference in the S
rep
spectra of the two combs. To understand the implications
for f
ceo
, we calculate the noise power spectral density of
f
ceo
frequency fluctuations, S
ceo
, as S
ceo
= m
2
× S
rep
;
the resulting spectra are shown in Fig. 4e. These data
have important implications for soliton-microcomb ap-
5plications. For example, by comparing each spectrum
with the beta line [25], we assess that stabilization of the
soliton microcombs for coherent applications [26] would
require ≈ 700 kHz of servo bandwidth for the noisy comb
(in addition to significantly greater gain for overcoming
the excess noise) but only ≈ 400 Hz of bandwidth for the
quiet comb. Moreover, we integrate the spectra from Fig.
4e and apply the Wiener-Khintchine Theorem to analyze
the fceo beatnote. We make two noteworthy observa-
tions: First, the thermal-noise-limited linewidths for the
noisy and quiet combs are approximately 1 MHz and 100
Hz, respectively. Second, the signal-to-noise ratios for
the noisy and quiet combs are approximately 25 dB and
60 dB, respectively. Both of these measures impact ap-
plications requiring low noise and good optical coherence.
In conclusion, soliton microcombs offer a unique lens
through which to view thermodynamic processes and
noise. We have shown how interactions between comb
modes induce thermodynamic correlations that may be
harnessed to manipulate the thermal noise limit. Our
results shed light on the relationship between nonlinear
physics in multi-mode systems and the intrinsic, micro-
scopic fluctuations therein.
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